Abstract. We study zeta-functions of weight lattices of compact connected semisimple Lie groups of type A 3 . Actually we consider zeta-functions of SU (4), SO(6) and P U (4), and give some functional relations and new classes of evaluation formulas for them.
Introduction
For any semisimple Lie algebra g, the Witten zeta-function ζ W (s; g) is defined by (1.1)
where s ∈ C and ρ runs over all finite dimensional irreducible representations of g.
This was formulated by Zagier (see [26, Section 7] ), who was inspired by Witten's work [25] . Witten's motivation of introducing the above zeta-functions is to express the volumes of certain moduli spaces in terms of special values of ζ W (s; g). The result is called Witten's volume formula, and from which it can be shown that
(1.2) for any k ∈ N, where C W (2k, g) ∈ Q (see [26, Theorem, p.506] ). The explicit value of C W (2k, g) was not determined in their work.
Gunnells and Sczech introduced a method to compute C W (2k, g) explicitly (see [3] ). The theory of Szenes ([21] , [22] ) also gives a different algorithm of computing
Let r be the rank of g, ∆(g) the root system corresponding to g, and n the number of positive roots belonging to ∆(g). In [6, 7, 11, 19] , the authors defined the zetafunction ζ r (s; ∆(g)) of the root system ∆(g), where s = (s i ) ∈ C n (see Section 3).
This may be regarded as a multi-variable version of ζ W (s; g) (see also survey papers [10] , [16] ). The authors further introduced a generalization of Bernoulli polynomials associated with root systems in [7, 9, 13] . Using these tools, we can generalize (1.2) ( [13, Theorem 4.6] ) and express C W (2k, g) in terms of Bernoulli polynomials of root systems (see also [10] ), hence gives another algorithm for computing C W (2k, g).
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Moreover we can give various functional relations for zeta-functions of root systems (see [6, 7, 8, 9, 13, 14, 19] ; we will discuss this matter further in the next section).
More recently, the authors defined zeta-functions of weight lattices of compact connected semisimple Lie groups (see [17] ). If the group is simply-connected, these zeta-functions coincide with ordinary zeta-functions of root systems of associated Lie algebras. We considered the general connected (but not necessarily simplyconnected) case and proved a result analogous to (1.2) for these zeta-functions, and further prove functional relations among them. The present paper is a continuation of [17] , and we study zeta-functions of lattices of Lie groups whose associated Lie algebras are of type A 3 . The reason why we treat the case A 3 will be mentioned in Section 3.
Throughout this paper, let N be the set of positive integers, N 0 = N ∪ {0}, Z the ring of rational integers, Q the rational number field, R the real number field, and C the complex number field.
Functional relations: a motivation
In this section we comment our motivation on the study of functional relations.
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The Euler-Zagier r-ple sum is defined by where s = (s 1 , . . . , s r ) ∈ C r (see [4] , [26] ). Special values of (2.1) for s = k, where k = (k 1 , . . . , k r ) ∈ N r with k r ≥ 2, are known to be important in various fields of mathematics. Euler already obtained the following relations among those values in the case r = 2: The harmonic product relation
where ζ(s) = ζ EZ,1 (s) is the Riemann zeta-function, and the sum formula
for k ∈ N, k ≥ 3. After the discovery of the importance of Euler-Zagier sums (around 1990, according to the work of Drinfel'd, Goncharov, Kontsevich, Hoffman and Zagier), many people began to search for various relations among special values of (2.1), and indeed a lot of relations have been discovered. 1 The contents of this section was given in the talk of the second-named author on the problem session of the conference.
Around 2000, the second-named author raised a question: are those relations valid only at positive integers, or valid also continuously at other values?
In fact, it is easy to see that (2.2) is valid for any complex numbers s 1 , s 2 except for singularities, that is
Therefore the harmonic product relation is actually a "functional relation". So far, except for (2.4) and its relatives, no other such functional relations among EulerZagier sums has been discovered. (In the double zeta case, the functional equation [12] is known, but it is not a formula which interpolates some known value-relation.)
However, when we consider more extended classes of multiple series, we can find a lot of functional relations! The first examples were reported by the third-named author [23] , in which functional relations among ζ(s) and the Tornheim double sum
are proved. Those relations can be regarded as functional relations among zetafunctions of root systems, because ζ MT,2 (s 1 , s 2 , s 3 ) coincides with the zeta-function of the root system ∆(su(3)).
It is known that irreducible root systems are classified as types X r (where X is one of A, B, C, D, E, F, G) by the Killing-Cartan theory. When ∆(g) is of type X r , we denote the corresponding zeta-function as ζ r (s; X r ). Using this notation, we see that (2.5) is ζ 2 (s; A 2 ). Various other functional relations have then been proved in several articles of the authors: on A 2 ([13]), on A 3 ([19] , [6] , [8] , [15] ), on B 2 = C 2 ([8], [9] ), on B 3 and C 3 ([8]), and on G 2 ( [14] ). A general treatment on the theory of functional relations is given in [13] , [9] . Those functional relations in fact include various known value-relations among special values of Euler-Zagier sums, and also include Witten's formula (1.2) in several cases.
Moreover, functional relations also exist among zeta-functions of lattices of (not necessarily simply-connected) Lie groups in the sense of [17] . In [17] , we proved functional relations among zeta-functions whose associated root systems are of type
In this paper we study zeta-functions of weight lattices of compact connected semisimple Lie groups of type A 3 . More precisely, we consider zeta-functions of SU (4), SO(6) and P U (4).
In Section 3, we recall the definition of those zeta-functions. In Section 4, we prepare some lemmas which will be necessary later. Then in the remaining sections we prove some functional relations for those zeta-functions which are the main results in this paper (see Theorems 8, 9, 12, 17 and 18) . Moreover we give new classes of evaluation formulas for these zeta-functions in terms of the Riemann zetafunction (see Propositions 10 and 13, and Examples 11 and 14) and the Dirichlet L-function with the primitive character of conductor 4 (see Proposition 19 and Examples 20 and 21).
Zeta-functions of weight lattices
In this section, we recall the definition and some properties of zeta-functions of weight lattices of compact connected semisimple Lie groups which we considered in our previous paper [17, Section 3] .
We first prepare the same notation as in [9, 11, 13] (see also [6, 7, 10, 14] ). Let V be an r-dimensional real vector space equipped with an inner product ·, · . The norm · is defined by v = v, v 1/2 . The dual space V * is identified with V via the inner product of V . Let ∆ be a finite reduced root system which may not be irreducible, and Ψ = {α 1 , . . . , α r } its fundamental system. We fix ∆ + and ∆ − as the set of all positive roots and negative roots respectively. Then we have a decomposition of the root system ∆ = ∆ + ∆ − . Let Q = Q(∆) be the root lattice, Q ∨ the coroot lattice, P = P (∆) the weight lattice, P ∨ the coweight lattice, and P + the set of integral dominant weights defined by
respectively, where the fundamental weights {λ j } r j=1 and the fundamental coweights {λ be the lowest strongly dominant weight. Let σ α be the reflection with respect to a root α ∈ ∆ defined as
For a subset A ⊂ ∆, let W (A) be the group generated by reflections σ α for all α ∈ A. In particular, W = W (∆) is the Weyl group, and {σ j = σ αj | 1 ≤ j ≤ r} generates W .
Let G be a simply-connected compact connected semisimple Lie group, and
There is a one-to-one correspondence between a compact connected semisimple Lie group G whose universal covering group is G, and a lattice L with
Now we recall the definition of the zeta-function of the weight lattice L = L(G)
of the semisimple Lie group G, that is,
where y ∈ V . Note that this zeta-function can be continued meromorphically to C n . When y = 0, we sometimes write this zeta-function as ζ r (s; G) or ζ r (s; L; ∆)
for brevity. It is to be noted that if G = G, then L = P and ζ r (s; G) coincides with ζ r (s; g), also written as ζ r (s; ∆(g)) and ζ r (s; X r ) when ∆(g) is of type X r , which is called the zeta-function of the root system of type X r studied in our previous papers (see, for example, [6, 10, 11, 13] ).
In the present paper we concentrate our attention on the case of type A 3 , so we write down the explicit form of zeta-functions in this case. Let ∆ = ∆(A 3 ) with
, which is known to be isomorphic to SO (6) . We know (for the details, see [17, Example 4.3] ) that
Note that ζ 3 (s, 0; SU (4)) = ζ 3 (s; A 3 ). Further we have
In particular, (3.14) as well as
Note that
There are several reasons why the study on the case A 3 deserves one paper.
First, since the case A 2 was studied in [17] , it is a natural continuation. Second, since the functional relation for ζ 3 (s; A 3 ) given in [8] is restricted to the case of even integers, we supply a more general result (Theorem 9) here. The third reason is that Lie algebras of type A r are the most interesting in view of the theory of [17] , because |P (∆(A r ))/Q(∆(A r ))| → ∞ as r → ∞ (hence there are many intermediate lattices between P and Q), while|P/Q| remains small for any Lie algebras of other types (see Bourbaki [2] ).
Lastly in this section we quote here one more general result, which is a generalization and a refinement of (1.2).
Theorem 1. [17, Theorem 3.2] For a compact connected semisimple Lie group
G, let ∆ = ∆(G) be its root system, and L = L(G) be its weight lattice. Let
where P(2k, ν; L; ∆) is the Bernoulli function associated with L, defined in [17] .
Note that when L = P , (3.16) coincides with our previous result in [13, Theorem 4.6].
As an example, here we apply this Theorem to the case of P U (4).
Example 2. The generating function of P(k, y; A 3 ) has been given in [9, Example 2] . Therefore, by [17, (3.8) ], we have
, because 2ρ = 3α 1 + 4α 2 + 3α 3 and hence 0, 2ρ = 0, λ
Therefore by Theorem 1, we obtain (3.18) ζ 3 ((2, 2, 2, 2, 2, 2), 0; P U (4)) = 1103π 12 145332633600 .
Some preparatory lemmas
In this section, we give explicit functional relations for double polylogarithms (see Lemma 5 and Corollary 6) . By use of these results, we give certain functional relations for triple zeta-functions of weight lattices in the next section.
First we quote the following two lemmas. Let φ(s)
Let {B m (X)} be the Bernoulli polynomials defined by te 
where [x] is the integer part of x ∈ R and {x} =
The next lemma is the key to proving functional relations for zeta-functions. For
be sets of numbers indexed by integers, and let
Lemma 4. [8, Lemma 6.2]
With the above notation, we assume that the infinite series appearing in
are absolutely convergent for θ ∈ [−π, π], and that (4.3) is a constant function for
, where the infinite series appearing on both sides of (4.4) are
For p ∈ N, it is known that (see, for example, [8, (4.31) , (4.32)])
Note that the left-hand side is uniformly convergent for θ ∈ (−π, π) (see [24, § 3 .35]), and is also absolutely convergent for p ≥ 2. We prove the following lemma.
Note that the case when p and q are even has been already proved in [8, (7. 55)].
Lemma 5. For p ∈ N, s ∈ R with s > 1 and x ∈ C with |x| = 1,
Proof. First we assume p ≥ 2. Then, for θ ∈ (−π, π), it follows from (4.
where the left-hand side is absolutely and uniformly convergent for θ ∈ (−π, π). Next we prove the case p = 1. As we proved above, (4.6) in the case p = 2 holds.
Therefore we have
Replacing x by −xe iθ in this case, we have
We denote the first, the second and the third term on the left hand side of (4.9) by I 1 (θ), I 2 (θ) and I 3 (θ), respectively. We differentiate these terms in θ. We can easily compute I ′ 1 (θ) and I ′ 2 (θ). As for I ′ 3 (θ), we have
Note that as for the second member in the curly brackets on the right-hand side, ξ may also run from 1 to j + 1 because 1 + j − (j + 1) = 0 in the summand. Hence, by replacing ξ − 1 by ξ, we have
Thus, we see that (I The following special cases of (4.6) will be necessary in the next section.
Corollary 6. For p, q ∈ N, s > 1 and x, y ∈ C with |x| ≤ 1 and |y| ≤ 1, let
(4.14)
Proof. We can directly obtain (4.14) and (4.12) by letting (x, θ) = (1, 0), (−1, 0), respectively in (4.6). (Since θ = 0, all the terms corresponding to ξ ≥ 1 vanish on the right-hand side of (4.6).) As for (4.13) and (4.11), we let (x, θ) = (−1, π),
(1, π), respectively in (4.6) and use Lemma 3. 
The zeta-function of SU (4)
Now we start to prove functional relations for zeta-functions for lattices of type
We use the same technique as in our previous paper [8, Section 7] . Hence the details of their proofs will be omitted.
In this section we study the zeta-function associated with the group SU (4). Our starting point is similar to (4.7), or [8, Equation (7.58)]. We begin by considering
for θ ∈ [−π, π], where p, q, b ∈ N with p ≥ 2, s ∈ R with s > 1 and x, y ∈ C with |x| = |y| = 1. Then, by the (almost) same argument as in [8, pp. 158-160], we
for θ ∈ [−π, π] and p, q, a, b, c ∈ N. (A small difference is that, in the course of the argument, we replaced x by −e −iθ in [8] , while this time we replace y by −ye −iθ .)
Note that (5.2) in the case p = 1 can be proved similarly to Lemma 5. Now we put (x, y, θ) = (−1, −1, 0) in (5.2), namely we take notice of the constant term of (5.2). We proceed similarly to the argument in [8] ; that is, we decompose the left-hand side of (5.2) by the method written in [8, p. 160], while apply (4.2) to the right-hand side. Then we obtain the following theorem. 
holds for s ∈ C except for singularities of functions on both sides, where T(p, s, q; x, y)
is defined by (4.10). Moreover, from (4.11)-(4.14) we see that the right-hand side of the above can be written in terms of the Riemann zeta-function.
Setting (a, b, c, p, q, s) = (2k, 2k, 2k, 2k, 2k, 2k) for k ∈ N, we obtain
and the rational coefficients can be determined explicitly. This gives an example of [17, Theorem 3.2] .
Similarly, by putting (x, y, θ) = (1, 1, π) in (5.2) and using (4.2) in Lemma 3, we obtain the following theorem for ζ 3 (s; A 3 ) = ζ 3 (s, 0; SU (4)) (see (3.7)). 
holds for s ∈ C except for singularities of functions on both sides. 
Therefore we obtain the following.
and the rational coefficients can be determined explicitly. The authors also checked, by using Mathematica 8, that the above formulas agree with numerical computation, based on the definitions of zeta-functions.
6. The zeta-function of SO (6) Next we consider ζ 3 (s; SO (6)). It follows from (3.7) and (3.8) that
Combining Theorems 8 and 9 and using (6.1), we can obtain functional relations among ζ 3 (s; SO (6)) and ζ(s). 
holds for s ∈ C except for singularities of functions on both sides, where J 0 and J 2 are the right-hand sides of (5.4) and (5.3), respectively.
Similarly to Proposition 10 and Example 11, we can obtain the following.
and the rational coefficients can be determined explicitly.
Example 14. Setting (a, b, c, p, q, s) = (2, 2, 2, 2, 2, s) in (6.2), we obtain 2ζ 3 ((2, s, 2, 2, 2, 2); SO(6)) + 4ζ 3 ((2, 2, s, 2, 2, 2); SO (6) In particular, when s = 2 in (6.3), we have (6.4) ζ 3 ((2, 2, 2, 2, 2, 2); SO(6)) = 10411 1307674368000 π 12 .
Also, combining (6.1) and the results in Example 11, we obtain, for example, 3, 3, 3, 3, 3) ; SO (6) 
7.
The zeta-function of P U (4)
Finally we consider the case of the group P U (4). An interesting feature in this case is the appearance of a Dirichlet L-function, so we will describe some details of the argument. 
where m −s = exp(−s(log |m| + πi)) for m < 0. In particular, for k ∈ N and l ∈ N 0 , we have
Also, it is well-known that (7.5) lim
(see, for example, [1, Theorem 12.19] ). Here, setting c = π/2 and 3π/2 in (4.1) and using (7.5) with α = ±1/4, we obtain the following.
Lemma 15. For any p ∈ N and any function h :
and use Lemma 15. Then, by the same method as in the proof of Corollary 6, we obtain the following.
Lemma 16. For p, q ∈ N and s > 1,
Setting (x, y, θ) = (−i, i, π/2) and (i, −i, −π/2) in (5.2), and using Lemma 15,  we obtain the following.
Theorem 17. For p, q, a, b, c ∈ N,
; SU (4)) (7.14) hold for s ∈ C except for singularities of functions on both sides. Moreover, since Λ(j; ±i) and T(p, s, q; x, y) satisfy (7.3)-(7.4) and (7.8)-(7.13), respectively, we find that the right-hand sides of (7.14) and (7.15) can be written in terms of ζ(s) and L(s, χ 4 ).
Setting (a, b, c, p, q, s) = (2k, 2k, 2k, 2k, 2k, 2k) for k ∈ N, we obtain ζ 3 ((2k, 2k, 2k, 2k, 2k, 2k), λ by (6.1). Hence it follows from (3.13) and (3.14) that (7.18) ζ 3 ((s 1 , s 2 , s 3 , s 4 , s 5 , s 6 ), {0}; P U (4)) = ζ 3 ((s 3 , s 2 , s 1 , s 5 , s 4 , s 6 ), {0}; P U (4)).
Using (7.17) and combining Theorem 12 and Theorem 17, we obtain the following functional relation among ζ 3 (s, {0}; P U (4)), ζ(s) and L(s, χ 4 ). Setting (a, b, c, p, q, s) = (2k, 2k, 2k, 2k, 2k, 2k) for k ∈ N, we obtain ζ 3 ((2k, 2k, 2k, 2k, 2k, 2k), 0; P U (4)) ∈ Q · π 12k .
Also, set (a, b, c, p, q, s) = (2k + 1, 2k + 1, 2k + 1, 2k + 1, 2k, 2k + 1) in (7.14), (7.15) and (7.19) . Then, by the same method as in the proof of Proposition 10, we obtain the following. where the rational coefficients can be determined explicitly.
